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S�pûb /`QBib /BQT?�MiB2Mb QTiBKBbûb
*?`BbiB�M �2#B- *QHHĕ;2 *�HpBM- +?`BbiB�MX�2#B!2/mX;2X+?

lM T`Q#HĕK2 /ǶQTiBKBb�iBQM +H�bbB[m2 [m2 HǶQM bQmK2i pQHQMiB2`b ¨ MQb ûHĕp2b 2bi H2 bmBp�Mi , T`2M/`2
mM2 72mBHH2 /2 T�TB2` `2+i�M;mH�B`2 /2 /BK2MbBQMb a × b �p2+ a < b- /û+QmT2` mM +�``û /2 +Ƭiû x /�Mb
+?�[m2 +QBM- `2THB2` H2b #Q`/b TQm` Q#i2MB` mM T�pû /`QBi 2i /ûi2`KBM2` H� p�H2m` /2 x TQm` [m2 H2
pQHmK2 /m T�pû bQBi QTiBK�H (R- 1tX 9X98)X aB a- b 2i x bQMi /2b 2MiB2`b 2i [m2 x = c +Q``2bTQM/ ¨ H�
p�H2m` K�tBK�H2 TQm` a 2i b }tûb �HQ`b H2 T�pû /`QBi 2bi /Bi /BQT?�MiB2M QTiBKBbûX

GǶQ#D2+iB7 /2 +2ii2 MQi2 2bi /2 7Qm`MB` mM2 T�`�Kûi`Bb�iBQM /2 HǶ2Mb2K#H2 /2b T�pûb /`QBib /BQT?�MiB2Mb
QTiBKBbûbX

h?ûQ`ĕK2X hQmi2 bQHmiBQM /m T`Q#HĕK2 +B@/2bbmb bǶQ#iB2Mi 2M +?QBbBbb�Mi /2mt 2MiB2`b TQbBiB7b s 2i t
2i 2M TQb�Mi

a = s(s+ 2t)k b = t(t+ 2s)k c =
kst

2
,

Qɍ k = 1 bB st ≡ 0 (mod 2) 2i k = 2 bBMQMX

.ûKQMbi`�iBQMX �p2+ H2b MQi�iBQMb +B@/2bbmb- H2 pQHmK2 /m T�pû 2bi /QMMû T�` V (x) = x(a−2x)(b−2x)X
PM pû`B}2 �BbûK2Mi [m2 H2b TQBMib +`BiB[m2b /2 V `2KTHBbb2Mi H2b /2mt +QM/BiBQMb +B@/2bbQmb TQm` [m2
H2b bQHmiBQMb bQB2Mi 2MiBĕ`2b

4(a+ b)2 − 12ab = d2 �p2+ d ∈ N 2i 12 | 2(a+ b)− d, URV

TmBb[m2 1
12(2(a+ b)± d) bQMi `2bT2+iBp2K2Mi HǶ�#b+Bbb2 /m KBMBKmK 2i /m K�tBKmK HQ+�H /2 V X �}M

/ǶB/2MiB}2` d- TQbQMb a + b = n 2i b − a = m /ǶQɍ 1
4(n

2 −m2) = ab- b = n+m
2 - a = n−m

2 X P#b2`pQMb
[m2 0 < m < n 2i [mǶBHb �TT�`iB2MM2Mi �mt 2MiB2`b M�im`2HbX G� bm#biBimiBQM /�Mb (1) /QMM2

3m2 + n2 = d2 ⇐⇒ 3 =

(
d

m

)2

−
( n

m

)2
.

1M /ûi2`KBM�Mi HǶBMi2`b2+iBQM /2 HǶ?vT2`#QH2 x2−y2 = 3 �p2+ mM2 /`QBi2 /2 T2Mi2 `�iBQMM2HH2 p- T�bb�Mi
T�` 2t2KTH2 T�` A(−2, 1)- +Ƕ2bi@¨@/B`2 y = p(x+2)+1- QM Q#iB2Mi �HQ`b mM2 T�`�Kûi`Bb�iBQM /2 iQmb H2b
TQBMib ¨ +QQ`/QMMû2b `�iBQMM2HH2b /2 HǶ?vT2`#QH2 /m T`2KB2` [m�/`�Mi ¨ +QM/BiBQM [m2

√
3−2 < p < 1X

R
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S�` 2t2KTH2- H� /`QBi2 #H2m2 +B@/2bbQmb � mM2 T2Mi2 /2 1
3 2i /ûi2`KBM2 H2 TQBMi P (13/4, 11/4)X AH 2bi

�Bbû /2 /ûKQMi`2` [m2 HǶBMi2`b2+iBQM /2 H� /`QBi2 /2 T2Mi2 p �p2+ HǶ?vT2`#QH2 /m T`2KB2` [m�/`�Mi 2bi
(
2(p2 + p+ 1)

1− p2
,
p2 + 4p+ 1

1− p2

)
.

aB p =
s

t
�HQ`b x =

2(s2 + st+ t2)

t2 − s2
- y =

s2 + 4st+ t2

t2 − s2
2i /QM+

n = (s2 + 4st+ t2)k m = (t2 − s2)k d = 2k(s2 + st+ t2).

1M bm#biBim�Mi H2b 2tT`2bbBQMb +B@/2bbmb QM Q#iB2Mi }M�H2K2Mi

a =
n−m

2
= ks(s+ 2t) b =

n+m

2
= kt(t+ 2s) c =

kst

2
.

_2K�`[mQMb /Ƕ�#Q`/ [m2 s ≤ 0 < t BKTHB[m2 H� +QMi`�/B+iBQM

2bc = k2t2s(t+ 2s) ≤ 0,

TmBb[m2 |s|
t < 2−

√
3 < 1

2 2i a, b, c ∈ NX .2 THmb- 2(a+ b)− d = 6stk 2bi /BpBbB#H2 T�` Rk bB st 2bi T�B`
Qm bB k = 2X

_2K�`[m2X 1M T`2M�Mi s = 1- t = 2 QM /û/mBi a = 5- b = 8- c = 1X .ǶQɍ- H2 THmb T2iBi T�`�HHûHûTBTĕ/2
`2+i�M;H2 /BQT?�MiB2M QTiBKBbû TQbbB#H2 � TQm` /BK2MbBQMb- 3×6×1X *2ii2 bQHmiBQM K2 b2K#H2 `ûTQM/`2
¨ H� Zm2biBQM Pmp2`i2 TQbû2 /�Mb (k) ,

PT2M Zm2biBQMX �b #27Q`2- � +QKTmi2` +?2+F ?�b bm;;2bi2/ i?�i a = 5 �M/ b = 8 �`2 i?2 KBMBK�H
/BbiBM+i BMi2;`�H p�Hm2b Q7 a �M/ b bQ i?�i i?2 K�tBKmK pQHmK2 Q++m`b �i �M BMi2;`�H p�Hm2 Q7 sX Ab i?Bb
i`m2 \R

*QKK2 H�Bbb2 bm;;û`2` H2 iBi`2 /2 (k)- +2 /2`MB2` i`�Bi2 2bb2MiB2HH2K2Mi /m +�b `�iBQMM2HX *2T2M/�Mi- QM
i`Qmp2 /�Mb H� /2`MBĕ`2 T�`iB2 mM2 +�`�+iû`Bb�iBQM T�`iB+mHBĕ`2K2Mi �H�K#B[mû2 /2b bQHmiBQMb 2MiBĕ`2b
Ui?ûQ`ĕK2 kVX GǶ�p�Mi�;2 /2 MQi`2 `ûbmHi�i 2bi /2 7Qm`MB` mM2 T�`�Kûi`Bb�iBQM 2tTHB+Bi2 2i ûHûK2Mi�B`2X

_û7û`2M+2b
(R) *X_XJX- 6lL.�J1LhlJ /2 K�i?ûK�iB[m2- �L�Gua1- UkyRyVX

(k) S?BHBT EX >Qi+?FBbb- AiǶb S2`72+iHv _�iBQM�H- *QHH2;2 J�i?X CX- pQH jj UkV- J�`+? kyykX
RS`Q#HĕK2 Qmp2`iX *QKK2 T`û+û/2KK2Mi- mM2 bBKmH�iBQM bm` Q`/BM�i2m` bm;;ĕ`2 [m2 a = 5 2i b = 8 bQMi H2b p�H2m`b

2MiBĕ`2b KBMBK�H2b /2 a 2i b- �}M [m2 H2 pQHmK2 /m T�pû /`QBi bQBi K�tBK�H TQm` 2M mM2 p�H2m` 2MiBĕ`2 cX 1bi@+2 p`�B \
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