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:ûQKûi`B2 2i MQK#`2b +QKTH2t2b
�H2t�M/`2 CmMQ/- Gv+û2 .2MBb@/2@_Qm;2KQMi UL2m+?�i2HV- �H2t�M/`2XDmMQ/!`TMX+?

RX S`Q#HûK�iB[m2

.�Mb H2 TH�M- mM TQBMi P (x; y) T2mi āi`2 �bbQ+Bû ¨ mM MQK#`2 +QKTH2t2 zP = x+ yi U�TT2Hû �{t2 /2
P V 2i H2b i`�Mb7Q`K�iBQMb ;ûQKûi`B[m2b ûHûK2Mi�B`2b Ui`�MbH�iBQMb- ?QKQi?ûiB2b- `Qi�iBQMb- bvKûi`B2b
+2Mi`�H2b 2i �tB�H2bV T2mp2Mi āi`2 /û+`Bi2b bBKTH2K2Mi T�` /2b 7QM+iBQMb +QKTH2t2bX G2b MQK#`2b +QK@
TH2t2b 7Qm`MBbb2Mi �BMbB mM #2H QmiBH �H;û#`B[m2 TQm` /ûKQMi`2` /2b `ûbmHi�ib /2 M�im`2 ;ûQKûi`B[m2X
*2mt [m2 MQmb /ûKQMi`QMb B+B QMi TQm` TQBMi +QKKmM H� +QMbi`m+iBQM /2 i`B�M;H2b û[mBH�iû`�mt Qm /2
+�``ûb bm` +?�+mM /2b +Ƭiûb /ǶmM i`B�M;H2 Qm /ǶmM [m�/`BH�iĕ`2X

kX *�``ûb +QMbi`mBib bm` H2b +Ƭiûb /ǶmM [m�/`BH�iĕ`2

PM +QMbi`mBi mM +�``û 2ti2`M2 bm` +?�+mM /2b +Ƭiûb /ǶmM [m�/`BH�iĕ`2 2i QM +QMbB/ĕ`2 H2 [m�/`BH�iĕ`2
7Q`Kû T�` H2b +2Mi`2b /2 +2b +�``ûb UpQB` };XRV ,
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LQmb �HHQMb KQMi`2` [m2 H2b /B�;QM�H2b /m [m�/`BH�iĕ`2 +QMbi`mBi QMi H� KāK2 HQM;m2m` 2i b2 +QmT2Mi
¨ �M;H2 /`QBi Ui?ûQ`ĕK2 /2 o�M �m#2H R- };XkVX .2 THmb- H2 [m�/`BH�iĕ`2 +QMbi`mBi 2bi mM +�``û bB- 2i
b2mH2K2Mi bB H2 [m�/`BH�iĕ`2 BMBiB�H 2bi mM T�`�HHûHQ;`�KK2 Ui?ûQ`ĕK2 /2 h?û#�mHi k- };XjVX *2b `ûbmHi�ib
bQMi 2M+Q`2 p�H�#H2b TQm` /2b [m�/`BH�iĕ`2b MQM +QMp2t2b Qm bB QM +QMbi`mBi /2b +�``ûb BMi2`M2b K�Bb
+2b +�b bQMi /B{+BH2b ¨ BHHmbi`2` +�` H2b +�``ûb b2 +?2p�m+?2MiX
lM2 `Qi�iBQM /2 90◦ �miQm` /2 HǶQ`B;BM2 `2pB2Mi ¨ KmHiBTHB2` mM MQK#`2 +QK@
TH2t2 T�` iX �BMbB- bB QM 7�Bi iQm`M2` /2 90◦ mM TQBMi A �miQm` /ǶmM TQBMi B- QM
Q#iB2Mi H2 TQBMi P /Ƕ�{t2 zP = (zA − zB)i+ zBX G2 KBHB2m MAB /m b2;K2Mi
AP �/K2i TQm` �{t2 H� KQv2MM2 /2 zA 2i zP ,

zAB =
1

2
(zA + zB + (zA − zB)i) =

1

2

(
(1 + i)zA + (1− i)zB

)
. B

P

MAB

A

PM +QMbB/ĕ`2 mM [m�/`BH�iĕ`2 /QMi H2b bQKK2ib A- B- C 2i D bQMi MQiûb /�Mb H2 b2Mb TQbBiB7X G2b
+2Mi`2b /2b +�``ûb 2ti2`M2b +QMbi`mBib bm` H2b +Ƭiûb bQMi �HQ`b MAB- MBC - MCD 2i MDA U};XRVX

RX >2M`B+mb >m#2`imb p�M �m#2H UR3jy@RNyeV- K�i?ûK�iB+B2M Mû2`H�M/�Bb- T`Q72bb2m` ¨ �Mp2`bX
kX oB+iQ` h?û#�mHi UR33k@RNeyV- K�i?ûK�iB+B2M 7`�MÏ�Bb- bm`iQmi +QMMm TQm` b2b i`QBb T`Q#HĕK2b /2 ;ûQKûi`B2X
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)
. B

P

MAB

A
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h?ûQ`ĕK2X G2b b2;K2Mib MABMCD 2i MBCMDA bQMi T2`T2M/B+mH�B`2b 2i QMi H� KāK2 HQM;m2m`
Uo�M �m#2HVX AHb QMi /2 THmb H2 KāK2 KBHB2m bB- 2i b2mH2K2Mi bB H2 [m�/`BH�iĕ`2 BMBiB�H 2bi mM T�`�HHûHQ@
;`�KK2 Uh?û#�mHiVX

S`2mp2X G2 p2+i2m` −−−−−−−→
MABMCD +Q``2bTQM/ �m MQK#`2 +QKTH2t2

zCD − zAB =
1

2

(
(1 + i)(zC − zA) + (1− i)(zD − zB)

)

2i mM2 `Qi�iBQM /2 90◦ /QMM2

(zCD − zAB)i = 1
2

(
(i− 1)(zC − zA) + (i+ 1)(zD − zB)

)

= 1
2

(
(1 + i)(zD − zB) + (1− i)(zA − zC)

)
= zDA − zBC ,

+2 [mB +Q``2bTQM/ �m p2+i2m` −−−−−−−→MBCMDAX .ûKQMi`QMb K�BMi2M�Mi H� /2mtBĕK2 �bb2`iBQMX G2b b2;K2Mib
+QMbB/û`ûb QMi /2b KBHB2mt /Ƕ�{t2b `2bT2+iB7b

z1 = 1
2(zAB + zCD) = 1

4

(
(1 + i)(zA + zC) + (1− i)(zB + zD)

)

= 1
4

(
zA + zB + zC + zD + i(zA − zB + zC − zD)

)

2i z2 = 1
4

(
zB + zC + zD+ zA+ i(zB − zC + zD− zA)

)
T�` T2`Kmi�iBQM +B`+mH�B`2 U/2 A- B- C 2i DVX PM

� �HQ`b H2b û[mBp�H2M+2b z1 = z2- zA− zB + zC − zD = 0- zA− zB = zD − zC - −−→BA =
−−→
CD- H2 [m�/`BH�iĕ`2

BMBiB�H 2bi mM T�`�HHûHQ;`�KK2X !

_2K�`[m2X SQm` /ûKQMi`2` HǶ�M�HQ;m2 2M +QMbi`mBb�Mi /2b +�``ûb BMi2`M2b- BH bm{i /2 MQi2` H2b bQK@
K2ib /m [m�/`BH�iĕ`2 /�Mb H2 b2Mb Mû;�iB7X

jX h`B�M;H2b û[mBH�iû`�mt +QMbi`mBib bm` H2b +Ƭiûb /ǶmM i`B�M;H2

LQmb pQmHQMb /ûKQMi`2` H2 i?ûQ`ĕK2 /2 L�TQHûQM j , bm` +?�+mM /2b +Ƭiûb
/ǶmM i`B�M;H2- QM +QMbi`mBi mM i`B�M;H2 û[mBH�iû`�H 2ti2`M2 c H2b +2Mi`2b /2
;`�pBiû /2b i`B�M;H2b +QMbi`mBib 7Q`K2Mi �HQ`b mM i`B�M;H2 û[mBH�iû`�H UpQB` H2
b+?ûK� +B@+QMi`2VX *2+B `2bi2 p�H�#H2 bB QM +QMbi`mBi /2b i`B�M;H2b BMi2`M2bX
LQmb miBHBbQMb H� MQi�iBQM cis(ϕ) = cos(ϕ) + i sin(ϕ)X

A

B

C

GAB

GBC

GCA

aB QM 7�Bi iQm`M2` /2 60◦ mM TQBMi A �miQm` /ǶmM TQBMi B- QM Q#iB2Mi H2 TQBMi
P /Ƕ�{t2 zP = (zA − zB) cis(60◦) + zBX *QKK2 1 − cis(60◦) = cis(−60◦)-
QM T2mi �mbbB û+`B`2 zP = zA cis(60◦) + zB cis(−60◦)X G2 +2Mi`2 /2 ;`�pBiû
GAB /m i`B�M;H2 ABP �/K2i �BMbB HǶ�{t2

zAB =
1

3
(zA + zB + zP ) =

1

3

(
(1 + cis(60◦))zA + (1 + cis(−60◦))zB

)
. B

P

GAB

A

*QKK2 1 + cis(60◦) =
√
3 cis(30◦) U2i 1 + cis(−60◦) =

√
3 cis(−30◦) T�` +QMDm;�BbQMV- QM �

zAB =

√
3

3
(cis(30◦)zA + cis(−30◦)zB).

PM +QMbB/ĕ`2 mM i`B�M;H2 /QMi H2b bQKK2ib A- B 2i C bQMi MQiûb /�Mb H2 b2Mb TQbBiB7 U`2bTX Mû;�iB7VX
G2b +2Mi`2b /2b i`B�M;H2b û[mBH�iû`�mt 2ti2`M2b U`2bTX BMi2`M2bV +QMbi`mBib bm` H2b +Ƭiûb bQMi �HQ`b GAB-
GBC 2i GCAX

jX GǶûMQM+û �TT�`�ŗi TQm` H� T`2KBĕ`2 7QBb [m�i`2 �Mb �T`ĕb H� KQ`i /2 L�TQHûQM URdeN@R3kRV K�Bb mM K�i?ûK�iB+B2M
Bi�HB2M � T`ûi2M/m 2M RNRR [m2 HǶ2KT2`2m` �m`�Bi TQbû H2 T`Q#HĕK2 ¨ CQb2T?@GQmBb G�;`�M;2 URdje@R3RjVX
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h?ûQ`ĕK2 /2 L�TQHûQMX G2 i`B�M;H2 GABGBCGCA 2bi û[mBH�iû`�HX

S`2mp2X G2 p2+i2m` −−−−−−→
GABGBC +Q``2bTQM/ �m MQK#`2 +QKTH2t2

zBC − zAB =

√
3

3
(cis(30◦)(zB − zA) + cis(−30◦)(zC − zB))

2i mM2 `Qi�iBQM /2 60◦ /QMM2 (zBC − zAB) cis(60◦) =

√
3

3
(i(zB − zA) + cis(30◦)(zC − zB))X 1M `2KTH�@

Ï�Mi i T�` cis(30◦)− cis(−30◦)- QM Q#iB2Mi

(zBC − zAB) cis(60
◦) =

√
3

3
(cis(30◦)(zC − zA) + cis(−30◦)(zA − zB)) = zCA − zAB

+2 [mB +Q``2bTQM/ �m p2+i2m` −−−−−−→
GABGCAX !

9X SQBMi /2 hQ``B+2HHB

.�Mb H2 +QMi2ti2 T`û+û/2Mi- MQmb TQm``BQMb KQMi`2` [m2 H2b /`QBi2b AGBC -
BGCA 2i CGAB b2 +QmT2Mi 2M mM TQBMi U�TT2Hû TQBMi /2 L�TQHûQMV K�Bb
MQmb T`û7û`QMb /ûKQMi`2` [m2 H2b b2;K2Mib 2M i`�BiBHHûb /�Mb H2 b+?ûK�
+B@+QMi`2 QMi H� KāK2 HQM;m2m` 2i bQMi bmTTQ`iûb T�` /2b /`QBi2b +QM+Qm@
`�Mi2b [mB 7Q`K2Mi /2b �M;H2b /2 60◦X .2 THmb- MQmb /QMM2`QMb mM2 BMi2`@
T`ûi�iBQM +QM+`ĕi2 /2 H2m` TQBMi /ǶBMi2`b2+iBQM HQ`b[m2 H2 i`B�M;H2 BMBiB�H
MǶ�/K2i �m+mM �M;H2 bmTû`B2m` ¨ 120◦X

A

B

C

PAB

PBC

PCA

PM MQi2 PAB H2 TQBMi /Ƕ�{t2 zP (AB) = zA cis(60◦) + zB cis(−60◦) +QKK2 /ûD¨ pm 2i QM /û}MBi /2
K�MBĕ`2 �M�HQ;m2 PBC �BMbB [m2 PCAX

h?ûQ`ĕK2X G2b b2;K2Mib APBC - BPCA 2i CPAB QMi H� KāK2 HQM;m2m` 2i bQMi bmTTQ`iûb T�` /2b
/`QBi2b +QM+Qm`�Mi2b [mB 7Q`K2Mi mM �M;H2 /2 60◦ H2b mM2b �p2+ H2b �mi`2bX

S`2mp2X aB QM 7�Bi iQm`M2` H2 p2+i2m` −−−→
APBC /2 120◦- QM Q#iB2Mi H2 p2+i2m` −−−−→

BPCA +�` H2 MQK#`2
+QKTH2t2 `ûbmHi�Mi 2bi

z = (zP (BC) − zA) cis(120◦) =
(
zB cis(60◦) + zC cis(−60◦)− zA

)
cis(120◦)

= −zB + zC cis(60◦)− zA cis(120◦)︸ ︷︷ ︸
=− cis(−60◦)

= zC cis(60◦) + zA cis(−60◦)− zB

= zP (CA) − zB

.2 K�MBĕ`2 �M�HQ;m2- 2M 7�Bb�Mi iQm`M2` H2 p2+i2m` −−−−→
BPCA /2 120◦- QM Q#iB2Mi H2 p2+i2m` −−−−→

CPABX JQM@
i`QMb K�BMi2M�Mi [m2 H2b i`QBb /`QBi2b bQMi +QM+Qm`�Mi2bX aQBi I H2 TQBMi /ǶBMi2`b2+iBQM /2b /`QBi2b
APBC 2i BPCAX AH 2tBbi2 �HQ`b /2b MQK#`2b `û2Hb λ 2i µ i2Hb [m2 zI = zA + λ(zP (BC) − zA) 2i
zI = zB + µ(zP (CA) − zB)X JmHiBTHBQMb H� T`2KBĕ`2 `2H�iBQM T�` cis(60◦)- H� b2+QM/2 T�` cis(−60◦) 2i
�DQmiQMb H2b /2mt `ûbmHi�ib ,

zI = zA cis(60◦) + λ(zP (BC) − zA) cis(60
◦) + zB cis(−60◦) + µ(zP (CA) − zB) cis(−60◦).

*QKK2 (zP (BC) − zA) cis(60◦) 2i (zP (CA) − zB) cis(−60◦) bQMi û;�mt ¨ zC − zP (AB)- QM Q#iB2Mi

zI = zA cis(60◦) + zB cis(−60◦) + (λ+ µ)(zC − zP (AB))
= zP (AB) + (λ+ µ)(zC − zP (AB)),

+2 [mB KQMi`2 [m2 H2 TQBMi I b2 i`Qmp2 �mbbB bm` H� /`QBi2 CPABX !
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/`QBi2b +QM+Qm`�Mi2b [mB 7Q`K2Mi mM �M;H2 /2 60◦ H2b mM2b �p2+ H2b �mi`2bX

S`2mp2X aB QM 7�Bi iQm`M2` H2 p2+i2m` −−−→
APBC /2 120◦- QM Q#iB2Mi H2 p2+i2m` −−−−→

BPCA +�` H2 MQK#`2
+QKTH2t2 `ûbmHi�Mi 2bi

z = (zP (BC) − zA) cis(120◦) =
(
zB cis(60◦) + zC cis(−60◦)− zA

)
cis(120◦)

= −zB + zC cis(60◦)− zA cis(120◦)︸ ︷︷ ︸
=− cis(−60◦)

= zC cis(60◦) + zA cis(−60◦)− zB

= zP (CA) − zB

.2 K�MBĕ`2 �M�HQ;m2- 2M 7�Bb�Mi iQm`M2` H2 p2+i2m` −−−−→
BPCA /2 120◦- QM Q#iB2Mi H2 p2+i2m` −−−−→

CPABX JQM@
i`QMb K�BMi2M�Mi [m2 H2b i`QBb /`QBi2b bQMi +QM+Qm`�Mi2bX aQBi I H2 TQBMi /ǶBMi2`b2+iBQM /2b /`QBi2b
APBC 2i BPCAX AH 2tBbi2 �HQ`b /2b MQK#`2b `û2Hb λ 2i µ i2Hb [m2 zI = zA + λ(zP (BC) − zA) 2i
zI = zB + µ(zP (CA) − zB)X JmHiBTHBQMb H� T`2KBĕ`2 `2H�iBQM T�` cis(60◦)- H� b2+QM/2 T�` cis(−60◦) 2i
�DQmiQMb H2b /2mt `ûbmHi�ib ,

zI = zA cis(60◦) + λ(zP (BC) − zA) cis(60
◦) + zB cis(−60◦) + µ(zP (CA) − zB) cis(−60◦).

*QKK2 (zP (BC) − zA) cis(60◦) 2i (zP (CA) − zB) cis(−60◦) bQMi û;�mt ¨ zC − zP (AB)- QM Q#iB2Mi

zI = zA cis(60◦) + zB cis(−60◦) + (λ+ µ)(zC − zP (AB))
= zP (AB) + (λ+ µ)(zC − zP (AB)),

+2 [mB KQMi`2 [m2 H2 TQBMi I b2 i`Qmp2 �mbbB bm` H� /`QBi2 CPABX !

G2 TQBMi /ǶBMi2`b2+iBQM /2b /`QBi2b APBC - BPCA 2i CPAB 2bi �TT2Hû TQBMi
/2 hQ``B+2HHB 9UQm /2 62`K�i 8VX GQ`b[m2 iQmb H2b �M;H2b /m i`B�M;H2 BMBiB�H
bQMi BM7û`B2m`b ¨ 120◦- BH bǶ�;Bi /m TQBMi bBimû ¨ HǶBMiû`B2m` /m i`B�M;H2 ¨
T�`iB` /m[m2H QM pQBi +?�[m2 �`āi2 bQmb mM �M;H2 /2 120◦X aB H2 i`B�M;H2
BMBiB�H T`ûb2Mi2 mM �M;H2 /2 120◦- H2 TQBMi /2 hQ``B+2HHB 2bi H2 bQKK2i �bbQ+Bû
¨ +2i �M;H2X aB mM �M;H2 2bi bmTû`B2m` ¨ 120◦- H2 TQBMi /2 hQ``B+2HHB b2 i`Qmp2
¨ HǶ2tiû`B2m` /m i`B�M;H2 BMBiB�H +QKK2 BHHmbi`û +B@+QMi`2X

h?ûQ`ĕK2X aB �m+mM �M;H2 /m i`B�M;H2 BMBiB�H MǶ2t+ĕ/2 120◦- H2 TQBMi /2 hQ``B+2HHB KBMBKBb2 HǶ2tT`2b@
bBQM f(P ) = ∥−→PA∥+ ∥−−→PB∥+ ∥−−→PC∥X

S`2mp2X PM MQi2 T H2 TQBMi /2 hQ``B+2HHB /m i`B�M;H2 ABC- a = ∥−→TA∥ = |zA − zT |-
b = ∥−→TB∥ = |zB − zT |- c = ∥−→TC∥ = |zC − zT |- ϕ = arg(zA − zT ) 2i j = cis(120◦)X aB �m+mM
�M;H2 MǶ2t+ĕ/2 120◦- �HQ`b zA − zT = a · cis(ϕ)- zB − zT = b · cis(ϕ)j 2i zC − zT = c · cis(ϕ)j2- /QM+

(a+ b+ c) cis(ϕ) = (zA − zT ) + (zB − zT )j2 + (zC − zT )j
= (zA + zBj2 + zCj)− zT (1 + j + j2).

*QKK2 1 + j + j2 = 0- QM T2mi `2KTH�+2` zT T�` MǶBKTQ`i2 [m2H MQK#`2 +QKTH2t2 z- /QM+
(a + b + c) cis(ϕ) = (zA − z) + (zB − z)j2 + (zC − z)j. 1M +QMbB/û`�Mi H2 KQ/mH2 2i 2M miBHBb�Mi
HǶBMû;�HBiû i`B�M;mH�B`2- QM Q#iB2Mi a+ b+ c ! |zA − z|+ |zB − z|+ |zC − z| TQm` iQmi z ∈ CX "

8X *�``ûb +QMbi`mBib bm` H2b +Ƭiûb /ǶmM i`B@
�M;H2

PM MQi2 A′ = MBC - B′ = MCA 2i C ′ = MAB H2b +2Mi`2b /2b
+�``ûb 2ti2`M2b +QMbi`mBib bm` H2b +Ƭiûb /ǶmM i`B�M;H2 ABC
UpQB` 7Q`KmH2 ȜkVX G2 H2+i2m` BMiû`2bbû T2mi /ûKQMi`2` [m2
MB′A′ 2bi H2 KBHB2m /m b2;K2Mi AB Ui?ûQ`ĕK2 /2 L2m#2`; eV
2i [m2 H2b b2;K2Mib AA′ 2i B′C ′ bQMi T2`T2M/B+mH�B`2b 2i QMi
H� KāK2 HQM;m2m`X PM 2M /û/mBi [m2 H� /`QBi2 AA′ 2bi mM2
?�mi2m` /m i`B�M;H2 A′B′C ′ 2i [m2 H2b i`QBb /`QBi2b AA′- BB′

2i CC ′ b2 +QmT2Mi 2M mM TQBMi U�TT2Hû TQBMi /2 o2+i2M dVX

A

B

C

A′

B′

C′

9X 1p�M;2HBbi� hQ``B+2HHB URey3@Re9dV- T?vbB+B2M 2i K�i?ûK�iB+B2M Bi�HB2M- BMp2Mi2m` /m #�`QKĕi`2X
8X SB2``2 /2 62`K�i U\@Ree8V- K�;Bbi`�i 2i K�i?ûK�iB+B2M 7`�MÏ�BbX
eX CQb2T? C2�M "�TiBbi2 L2m#2`; UR39y@RNkeV- K�i?ûK�iB+B2M Hmt2K#Qm`;2QBb [mB T`Bi H� M�iBQM�HBiû #2H;2X
dX K�i?ûK�iB+B2M T2m +QMMm /QMi QM b�Bi Dmbi2 [mǶBH � 2Mb2B;Mû �m Hv+û2 /2 LŗK2b /�Mb H2b �MMû2b R3Ry@R3R3X


