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"2F�MMi2b mM/ r2MB;2` "2F�MMi2b xm Gm+�b@6QH;2M
"2�i C�;;B- #2�iXD�;;B!T?#2`MX+? mM/ S?BHBTT _2BM?�`/- T?BHBTT`2BM?�`/!?QiK�BHX+QK

R 1BMH2BimM;

1b 2`bi�mMi BKK2` rB2/2`- KBi rB2 pB2H2M K�i?2K�iBb+?2M h?2K2M /B2 #2`Ƀ?Ki2 6B#QM�++B@6QH;2 BM
o2`#BM/mM; ;2#`�+?i r2`/2M F�MM UbB2?2 xmK "2BbTB2H (k)V,

wm M2MM2M bBM/ /� J�i`Bx2M mM/ 1B;2Mr2`i2- bT2xB2HH2 B``�iBQM�H2 w�?H2M U;QH/2M2` a+?MBiiV- E2ii2M@
#`Ƀ+?2 UBK wmb�KK2M?�M; KBi /2K 1mFHB/Bb+?2M �H;Q`Bi?KmbV- .BQT?�MiBb+?2 :H2B+?mM;2M U:H2B+?mM@
;2M- #2B /2M2M �mbb+?HB2bbHB+? ;�Mxx�?HB;2 GƺbmM;2M ;2bm+?i bBM/V- 2`x2m;2M/2 6mMFiBQM2M mM/ @ H�bi
#mi MQi H2�bi @ /�b Ƕ;QH/2M2 _2+?i2+FǶX .B2 GBbi2 Bbi bB+?2` MB+?i �#b+?HB2bb2M/X

1BMB;2 /B2b2` o2`#BM/mM;2M #2?�Hi2M B?`2 :ɃHiB;F2Bi �m+? 7Ƀ` o2`�HH;2K2BM2`mM;2M /2` 6B#QM�++B@6QH;2X
"2B /B2b2M o2`�HH;2K2BM2`mM;2M bBM/ pQ` �HH2K /B2 M�+? /2K 7`�MxƺbBb+?2M J�i?2K�iBF2` ú/Qm�`/ Gm+�b
UR39k @ R3NRV #2M�MMi2M �HH;2K2BM2M Gm+�b@6QH;2M xm M2MM2M- /2}MB2`i /m`+?
u0 = 0, u1 = 1, un+1 = p · un − q · un−1 7Ƀ` n ≥ 1 KBi 72bi pQ`;2;2#2M2M ;�Mx2M w�?H2M p mM/ qX

AK M�+?7QH;2M/2M >�mTii2BH ;2?i 2b mK o2`#BM/mM;2M pQM ;2rBbb2M Gm+�b@6QH;2M KBi /2M Q#;2M�MMi2M
h?2K2MX

k >�mTii2BH

qB` p2`r2M/2M 2BM2 H2B+?i �M/2`2 mM/ 2BM;2b+?` MF2M/2

.2}MBiBQM, r mM/ s bBM/ 72bi pQ`;2;2#2M2 M�iɃ`HB+?2 w�?H2MX

.B2 6QH;2 an Bbi `2Fm`bBp /2}MB2`i /m`+?

a0 = 0, a1 = 1, an+1 = r · an + s · an−1 7Ƀ` n ≥ 1

.B2 2`bi2M 6QH;2M;HB2/2` bBM/ a0 = 0, a1 = 1, a2 = r, a3 = r2 + s, a4 = r3 + 2rs, · · ·

"2K2`FmM;, 1B;2MiHB+? KɃbbi2M rB` /B2 6QH;2M;HB2/2` an KBi AM/B+2b r, s p2`b2?2MX �mb :`ɃM/2M /2`
ɂ#2`bB+?iHB+?F2Bi p2`xB+?i2M rB` /�`�m7X

1b ;2Hi2M /B2 7QH;2M/2M a�+?p2`?�Hi2,

�X J�i`Bx2M mM/ 1B;2Mr2`i2
(

an+1

an

)
=

(
r s
1 0

)(
an
an−1

)
=

(
r s
1 0

)n(
1
0

)
; n = 0, 1, 2, 3, . . .

"2r2Bb, KBi 2H2K2Mi�`2` J�i`Bx2M`2+?MmM;X



September 2020 Ausgabe 144 7

Bulletin

"2F�MMi2b mM/ r2MB;2` "2F�MMi2b xm Gm+�b@6QH;2M
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.B2 2`bi2M 6QH;2M;HB2/2` bBM/ a0 = 0, a1 = 1, a2 = r, a3 = r2 + s, a4 = r3 + 2rs, · · ·

"2K2`FmM;, 1B;2MiHB+? KɃbbi2M rB` /B2 6QH;2M;HB2/2` an KBi AM/B+2b r, s p2`b2?2MX �mb :`ɃM/2M /2`
ɂ#2`bB+?iHB+?F2Bi p2`xB+?i2M rB` /�`�m7X

1b ;2Hi2M /B2 7QH;2M/2M a�+?p2`?�Hi2,

�X J�i`Bx2M mM/ 1B;2Mr2`i2
(

an+1

an

)
=

(
r s
1 0

)(
an
an−1

)
=

(
r s
1 0

)n(
1
0

)
; n = 0, 1, 2, 3, . . .

"2r2Bb, KBi 2H2K2Mi�`2` J�i`Bx2M`2+?MmM;X

"2K2`FmM;2M,

U�V J�i`Bx2M bBM/ rQ?H /�b 2BM7�+?bi2 JBii2H- mK /B2 2tTHBxBi2 .�`bi2HHmM; /2` 6QH;2 an xm
}M/2MX

.B2 J�i`Bt A =

(
r s
1 0

)
H bbi bB+? /B�;QM�HBbB2`2MX .�b +?�`�Fi2`BbiBb+?2 SQHvMQK

det(A− x · E) = (r − x)(−x)− s = x2 − rx− s

HB272`i /B2 1B;2Mr2`i2

α =
r +

√
r2 + 4s

2
mM/ β =

r −
√
r2 + 4s

2
.

J�M `2+?M2i M�+?- /�bb A = UDU−1 `2bTX
(

r s
1 0

)
=

(
s s
−β −α

)(
α 0
0 β

)( α
s(α−β)

1
α−β

− β
s(α−β)

−1
α−β

)
;BHiX

JBi An = UDnU−1 }M/2i K�M b+?HB2bbHB+? /B2 6Q`K2H 7Ƀ` /B2 2tTHBxBi2 .�`bi2HHmM;

an =
αn − βn

α− β
; n = 0, 1, 2, 3, . . .

.�#2B bBM/ α = r+
√
r2+4s
2 mM/ β = r−

√
r2+4s
2 UrB2 Q#2MV /B2 GƺbmM;2M /2` [m�/`�iBb+?2M

:H2B+?mM; x2 − rx− s = 0X

U#V .B2 _B+?iB;F2Bi /2` 6Q`K2H an = αn−βn

α−β ; n = 0, 1, 2, 3, . . . F�MM �m+? KBi pQHHbi M/B;2`
AM/mFiBQM #2rB2b2M r2`/2MX

U+V 6Ƀ` r = s = 1 2`;B#i bB+? /B2 pQM .2 JQBp`2 BK C�?` RdR3 ;27mM/2M2 mM/ pQM "BM2i BK C�?`
R39j rB2/2`2Mi/2+Fi2 6Q`K2H 7Ƀ` /B2 2tTHBxBi2 .�`bi2HHmM; /2` 6B#QM�++B@w�?H2MX

fn =

(
1+

√
5

2

)n
−
(
1−

√
5

2

)n

√
5

; n = 0, 1, 2, 3, . . .

"X ZmQiB2Mi2M #2M�+?#�`i2` 6QH;2;HB2/2`

lim
n→∞

an+1

an
= α =

r +
√
r2 + 4s

2

"2r2Bb, 1b ;BHi M�+?xmr2Bb2M- /�bb /B2 6QH;2 an+1

an
/2` ZmQiB2Mi2M FQMp2`;B2`iX

an+1

an
=

αn+1−βn+1

α−β
αn−βn

α−β

=
αn+1 − βn+1

αn − βn
=

αn+1 ·
[
1−

(
β
α

)n+1
]

αn ·
[
1−

(
β
α

)n] = α ·
1−

(
β
α

)n+1

1−
(
β
α

)n

J�M `2+?M2i H2B+?i M�+?- /�bb
∣∣∣βα
∣∣∣ < 1 ;BHiX
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JBi :`2Mxr2`iF�HFɃH 7QH;i

lim
n→∞

an+1

an
= lim

n→∞



α ·
1−

(
β
α

)n+1

1−
(
β
α

)n



 = α !

"2K2`FmM;, 6Ƀ` r = s = 1 ;BHi

lim
n→∞

fn+1

fn
= ϕ =

1 +
√
5

2
≈ 1.618 Uw�?H /2b ;QH/2M2M a+?MBii2bVX

*X Ƕ1mFHB/Bb+?2` �H;Q`Bi?KmbǶ

1b ;2Hi2M /B2 :H2B+?mM;2M

lim
n→∞

an+1

an
=

r +
√
r2 + 4s

2
= α = r · 1 + s · 1

α

1 = r · 1
α
+ s · 1

α2

1

α
= r · 1

α2
+ s · 1

α3

1

α2
= r · 1

α3
+ s · 1

α4

XXX XXX XXX

"2r2Bb, .B2 "2?�mTimM; 7QH;i �mb α2 = r · α+ sX

"2K2`FmM;2M,

U�V r = s = 1, .2` 1mFHB/Bb+?2 �H;Q`Bi?Kmb- �M;2r�M/i �m7 ϕ mM/ 1- HB272`i

lim
n→∞

fn+1

fn
=

1 +
√
5

2
= ϕ = 1 · 1 + (ϕ− 1) =⇒ ϕ = 1 · 1 + 1

ϕ

1 = 1 · (ϕ− 1) + (2− ϕ) =⇒ 1 = 1 · 1
ϕ
+

1

ϕ2

(ϕ− 1) = 1 · (2− ϕ) + (2ϕ− 3) =⇒ 1

ϕ
= 1 · 1

ϕ2
+

1

ϕ3

(2− ϕ) = 1 · (2ϕ− 3) + (5− 3ϕ) =⇒ 1

ϕ2
= 1 · 1

ϕ3
+

1

ϕ4

XXX XXX XXX

.�#2B Bbi ϕ− 1 < 2− ϕ < 2ϕ− 3 < 5− 3ϕ < . . . `2bTX 1 > 1
ϕ > 1

ϕ2 > 1
ϕ3 > 1

ϕ4 > . . .X

1b x2B;i bB+?- /�bb BK �HH;2K2BM2M 6�HH an+1 = r · an + s · an−1 /B2 :H2B+?mM;2M MB+?i K2?`
�Hb .BpBbBQM2M UrB2 #2BK 1mFHB/Bb+?2M �H;Q`Bi?KmbV BMi2`T`2iB2`i r2`/2M FƺMM2MX
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n→∞

an+1

an
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

α ·
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β
α

)n+1

1−
(
β
α

)n
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=
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√
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lim
n→∞

fn+1

fn
=

1 +
√
5

2
= ϕ = 1 · 1 + (ϕ− 1) =⇒ ϕ = 1 · 1 + 1

ϕ

1 = 1 · (ϕ− 1) + (2− ϕ) =⇒ 1 = 1 · 1
ϕ
+

1

ϕ2

(ϕ− 1) = 1 · (2− ϕ) + (2ϕ− 3) =⇒ 1

ϕ
= 1 · 1

ϕ2
+

1

ϕ3

(2− ϕ) = 1 · (2ϕ− 3) + (5− 3ϕ) =⇒ 1

ϕ2
= 1 · 1

ϕ3
+

1

ϕ4

XXX XXX XXX

.�#2B Bbi ϕ− 1 < 2− ϕ < 2ϕ− 3 < 5− 3ϕ < . . . `2bTX 1 > 1
ϕ > 1

ϕ2 > 1
ϕ3 > 1

ϕ4 > . . .X

1b x2B;i bB+?- /�bb BK �HH;2K2BM2M 6�HH an+1 = r · an + s · an−1 /B2 :H2B+?mM;2M MB+?i K2?`
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.X E2ii2M#`Ƀ+?2
an+1

an
bBM/ L ?2`mM;b#`Ƀ+?2 /2b E2ii2M#`m+?2b r +

√
r2 + 4s

2
= r +

s

r +
s

r +
s

r +
s

r +
s

r + · · ·
�HbQ,

a2
a1

=
r

1
= r;

a3
a2

=
r2 + s

r
= r +

s

r
;

a4
a3

=
r3 + 2rs

r2 + s
= r +

s

r +
s

r

;
a5
a4

= r +
s

r +
s

r +
s

r

; . . .

"2r2Bb, AM α = r + s
α 2`b2ix2 K�M BK h2`K `2+?ib /2M L2MM2` α bmFx2bbBp2 /m`+? α = r + s

α X

"2K2`FmM;2M,

U�V 6Ƀ` r = s = 1 2`? Hi K�M /2M #2`Ƀ?Ki2M E2ii2M#`m+? /2b ;QH/2M2M a+?MBii2bX

ϕ =
1 +

√
5

2
= 1 +

1

1 + 1
1+ 1

1+ 1
1+···

KBi /2M L ?2`mM;b#`Ƀ+?2M
f2
f1

=
1

1
= 1;

f3
f2

=
2

1
= 1 +

1

1
;

f4
f3

=
3

2
= 1 +

1

1 +
1

1

;
f5
f4

=
5

3
= 1 +

1

1 +
1

1 +
1

1

=
8

5
; . . .

U#V .2` �mb/`m+F r+
√
r2+4s
2 Bbi MB+?i 7Ƀ` �HH2 q�?H2M pQM r mM/ s B``�iBQM�H5

6Ƀ` r = m− k UKBi k < mV mM/ s = k ·m rB`/ r+
√
r2+4s
2 = m mM/ bQKBi

m = (m− k) +
k ·m

(m− k) +
k ·m

(m− k) +
k ·m

(m− k) +
k ·m

(m− k) +
k ·m

(m− k) + · · ·
6Ƀ` m = 5 mM/ k = 2 2`;B#i /�b,

5 = 3 +
10

3 +
10

3 +
10

3 +
10

3 +
10

3 + · · ·
.B2 UmM2M/HB+?25V 6QH;2 /2` L ?2`mM;b#`Ƀ+?2 3, 3+ 10

3 , 3+ 10
3+ 10

3

, . . . FQMp2`;B2`i ;2;2M /B2
M�iɃ`HB+?2 w�?H 5X
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1X Ƕ.BQT?�MiBb+?2Ƕ :H2B+?mM;2M

.B2 w�?H2MT��`2 (an+1, an) bBM/ GƺbmM;2M /2` :H2B+?mM;2M

y2 − sx2 − rxy = (−s)n

.�b ?2Bbbi a2n+1 − s · a2n − r · an+1 · an = (−s)n ; n = 0, 1, 2, 3, . . .

"2r2Bb, JBi AM/mFiBQM, 6Ƀ` n = 0 #2FQKKi K�M, a21 − s · a0 − r · a1 · a0 = 1 = (−s)0X
.�b biBKKi5

a2k+1 − s · a2k − r · ak+1 · ak = (−s)k b2B `B+?iB; 7Ƀ` 2BM kX

a2k+2 − s · a2k+1 − r · ak+2 · ak+1

= (r · ak+1 + s · ak)2 − s · a2k+1 − r (r · ak+1 + s · ak) · ak+1

= r2 · a2k+1 + 2 · r · s · ak+1 · ak + s2 · a2k − s · a2k+1 − r2 · a2k+1 − r · s · ak+1 · ak
= r · s · ak+1 · ak + s2 · a2k − s · a2k+1 = −s ·

(
a2k+1 − s · a2k − r · ak+1 · ak

)

= −s · (−s)k = (−s)k+1 : .B2 6Q`K2H biBKKi �m+? 7Ƀ` k + 1. !

"2K2`FmM;2M,

U�V .B2 ?B2` pQ`FQKK2M/2M :H2B+?mM;2M bBM/ MB+?i rB`FHB+? Ƕ/BQT?�MiBb+?Ƕ- /� /B2 `2+?i2 a2Bi2
pQM n �#? M;iX AK 6�HH s = 1 rB`/ /�b �#2` BM /2` GBi2`�im` /Q+? �# mM/ xm �Fx2TiB2`i
UbB2?2 (R)VX

U#V 6Ƀ` r = s = 1 2`;B#i bB+?

f2
n+1 − f2

n − fn+1 · fn = (−1)n ; n = 0, 1, 2, 3, . . . ,

2BM2 /2` x�?H`2B+?2M A/2MiBi i2M 7Ƀ` /B2 6B#QM�++B@w�?H2MX

6X 1`x2m;2M/2 6mMFiBQM

.B2 6QH;2M;HB2/2` an r2`/2M pQM /2` 6mMFiBQM f(x) = x
1−rx−sx2 2`x2m;iX .�b ?2Bbbi

x

1− rx− sx2
= a0 + a1x+ a2x

2 + a3x
3 + · · ·

.2` EQMp2`;2Mx`�/Bmb /B2b2` _2B?2 #2i` ;i 1
α = 2

r+
√
r2+4s

X

"2r2Bb, �Mb�ix

f(x) = a0x
0 + a1x

1 + a2x
2 + a3x

3 + a4x
4 + a5x

5 + · · ·
xf(x) = a0x

1 + a1x
2 + a2x

3 + a3x
4 + a4x

5 + · · ·
x2f(x) = a0x

2 + a1x
3 + a2x

4 + a3x
5 + · · ·

q2;2M an+1 − r · an − s · an−1 = 0 ;BHi

f(x)− rxf(x)− sx2f(x) = a0 + a1x− ra0x(
1− rx− sx2

)
f(x) = x (r2;2M a0 = 0, a1 = 1)

f(x) =
x

1− rx− sx2
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.�b ?2Bbbi a2n+1 − s · a2n − r · an+1 · an = (−s)n ; n = 0, 1, 2, 3, . . .

"2r2Bb, JBi AM/mFiBQM, 6Ƀ` n = 0 #2FQKKi K�M, a21 − s · a0 − r · a1 · a0 = 1 = (−s)0X
.�b biBKKi5

a2k+1 − s · a2k − r · ak+1 · ak = (−s)k b2B `B+?iB; 7Ƀ` 2BM kX

a2k+2 − s · a2k+1 − r · ak+2 · ak+1

= (r · ak+1 + s · ak)2 − s · a2k+1 − r (r · ak+1 + s · ak) · ak+1

= r2 · a2k+1 + 2 · r · s · ak+1 · ak + s2 · a2k − s · a2k+1 − r2 · a2k+1 − r · s · ak+1 · ak
= r · s · ak+1 · ak + s2 · a2k − s · a2k+1 = −s ·

(
a2k+1 − s · a2k − r · ak+1 · ak

)

= −s · (−s)k = (−s)k+1 : .B2 6Q`K2H biBKKi �m+? 7Ƀ` k + 1. !

"2K2`FmM;2M,

U�V .B2 ?B2` pQ`FQKK2M/2M :H2B+?mM;2M bBM/ MB+?i rB`FHB+? Ƕ/BQT?�MiBb+?Ƕ- /� /B2 `2+?i2 a2Bi2
pQM n �#? M;iX AK 6�HH s = 1 rB`/ /�b �#2` BM /2` GBi2`�im` /Q+? �# mM/ xm �Fx2TiB2`i
UbB2?2 (R)VX

U#V 6Ƀ` r = s = 1 2`;B#i bB+?

f2
n+1 − f2

n − fn+1 · fn = (−1)n ; n = 0, 1, 2, 3, . . . ,

2BM2 /2` x�?H`2B+?2M A/2MiBi i2M 7Ƀ` /B2 6B#QM�++B@w�?H2MX

6X 1`x2m;2M/2 6mMFiBQM

.B2 6QH;2M;HB2/2` an r2`/2M pQM /2` 6mMFiBQM f(x) = x
1−rx−sx2 2`x2m;iX .�b ?2Bbbi

x

1− rx− sx2
= a0 + a1x+ a2x

2 + a3x
3 + · · ·

.2` EQMp2`;2Mx`�/Bmb /B2b2` _2B?2 #2i` ;i 1
α = 2

r+
√
r2+4s

X

"2r2Bb, �Mb�ix

f(x) = a0x
0 + a1x

1 + a2x
2 + a3x

3 + a4x
4 + a5x

5 + · · ·
xf(x) = a0x

1 + a1x
2 + a2x

3 + a3x
4 + a4x

5 + · · ·
x2f(x) = a0x

2 + a1x
3 + a2x

4 + a3x
5 + · · ·

q2;2M an+1 − r · an − s · an−1 = 0 ;BHi

f(x)− rxf(x)− sx2f(x) = a0 + a1x− ra0x(
1− rx− sx2

)
f(x) = x (r2;2M a0 = 0, a1 = 1)

f(x) =
x

1− rx− sx2

.2` EQMp2`;2Mx`�/Bmb R H bbi bB+? bQrQ?H KBi

R = lim
n→∞

∣∣∣∣
an
an+1

∣∣∣∣ =
1

α

�Hb �m+? KBi /2` 6Q`K2H pQM *�m+?v@>�/�K�`/ #2`2+?M2M,

R =
1

lim supn→∞

(
n
√
|an|

) =
1

α

"2K2`FmM;2M,

U�V .B2 2`x2m;2M/2 6mMFiBQM #2F K2 K�M Ui?2Q`2iBb+?V �m+?- r2MM K�M
f(x) = x

1−rx−sx2 BM 2BM2 h�vHQ``2B?2 2MirB+F2HiX

f(x) = f(0) +
f ′(0)

1!
· x+

f ′′(0)

2!
· x2 + f ′′′(0)

3!
· x3 + · · ·+ f (n)(0)

n!
· xn + · · ·

q2;2M f(x) = x
1−rx−sx2 = a0 + a1x+ a2x2 + a3x3 + · · · ;BHi �HbQ

f (n)(0) = an · n!

U#V r = s = 1, .B2 6B#QM�++B@w�?H2M r2`/2M /m`+?
x

1− x− x2
= f0 + f1x+ f2x

2 + f3x
3 + · · ·

2`x2m;iX .2` EQMp2`;2Mx`�/Bmb /2` _2B?2 #2i` ;i 2
1+

√
5
≈ 0.618X

.2` :`�T? /2` 6mMFiBQM f(x) = x
1−x−x2 Ub+?r�`x2 GBMB2V mM/ /2` :`�T? /2b h�vHQ`@SQHvMQKb

f0 + f1x+ f2x2 + f3x3 + f4x4 + f5x5 U;2bi`B+?2Hi2 GBMB2VX
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:X aT2xB2HH2 _2+?i2+F2

a+?M2B/2i K�M #2B 2BM2K _2+?i2+F /2` "`2Bi2 √
s mM/ /2` G M;2 r+

√
r2+4s
2 2BM _2+?i2+F U/2`

"`2Bi2 √
s mM/V /2` G M;2 r �#- /�MM Bbi /�b _2bi`2+?i2+F  ?MHB+? xmK m`bT`ɃM;HB+?2M _2+?i2+FX

U"BH/ HBMFbV

JBi /2M LmHHbi2HH2M α = r+
√
r2+4s
2 mM/ β = r−

√
r2+4s
2 pQM x2−rx−s = 0 H�mi2i /B2 "2?�mTimM;,

U"BH/ `2+?ibV

a+?M2B/2i K�M #2B 2BM2K _2+?i2+F /2` "`2Bi2
√
−αβ mM/ /2` G M;2 α 2BM _2+?i2+F U/2` "`2Bi2√

−αβ mM/V /2` G M;2 α+β �#- /�MM Bbi /�b _2bi`2+?i2+F  ?MHB+? xmK m`bT`ɃM;HB+?2M _2+?i2+FX
UJ�M #2�+?i2- /�bb β < 0 ;BHiXV

"2r2Bb,

r+
√
r2+4s
2√
s

=

√
s

r+
√
r2+4s
2 − r

(
r +

√
r2 + 4s

2

)(
−r +

√
r2 + 4s

2

)
=

√
s ·

√
s

−r2 + r2 + 4s

4
= s !

"2K2`FmM;2M,

U�V �m+? ?B2` FQKK2M �Hb G M;2M mM/ "`2Bi2M /2b _2+?i2+F2b `�iBQM�H2- bQ;�` ;�Mxx�?HB;2
q2`i2 pQ`X

6Ƀ` r = 1 mM/ s = 2 rB`/ r+
√
r2+4s
2 = 2X .B2 �mbb�;2 H�mi2i,

a+?M2B/2i K�M pQM 2BM2K _2+?i2+F /2` "`2Bi2
√
2 mM/ /2` G M;2 2 2BM _2+?i2+F U/2` "`2Bi2√

2 mM/V /2` G M;2 1 �#- bQ Bbi /�b _2bi`2+?i2+F U"`2Bi2 1 mM/ G M;2
√
2V  ?MHB+? xm �mb@

;�M;b`2+?i2+FX .�b Bbi ;2`�/2 /B2 +?�`�Fi2`BbiBb+?2 1B;2Mb+?�7i /2` .AL �@S�TB2`7Q`K�i25

6Ƀ` r = 3 mM/ s = 4 rB`/ r+
√
r2+4s
2 = 4X .B2 �mbb�;2 H�mi2i,

a+?M2B/2i K�M pQM 2BM2K _2+?i2+F /2` "`2Bi2
√
4 = 2 mM/ /2` G M;2 4 2BM _2+?i2+F U/2`

"`2Bi2 2 mM/V /2` G M;2 3 �#- bQ Bbi /�b _2bi`2+?i2+F U"`2Bi2 1 mM/ G M;2 2V  ?MHB+? xm
�mb;�M;b`2+?i2+FX
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:X aT2xB2HH2 _2+?i2+F2

a+?M2B/2i K�M #2B 2BM2K _2+?i2+F /2` "`2Bi2 √
s mM/ /2` G M;2 r+

√
r2+4s
2 2BM _2+?i2+F U/2`

"`2Bi2 √
s mM/V /2` G M;2 r �#- /�MM Bbi /�b _2bi`2+?i2+F  ?MHB+? xmK m`bT`ɃM;HB+?2M _2+?i2+FX

U"BH/ HBMFbV

JBi /2M LmHHbi2HH2M α = r+
√
r2+4s
2 mM/ β = r−

√
r2+4s
2 pQM x2−rx−s = 0 H�mi2i /B2 "2?�mTimM;,

U"BH/ `2+?ibV

a+?M2B/2i K�M #2B 2BM2K _2+?i2+F /2` "`2Bi2
√
−αβ mM/ /2` G M;2 α 2BM _2+?i2+F U/2` "`2Bi2√

−αβ mM/V /2` G M;2 α+β �#- /�MM Bbi /�b _2bi`2+?i2+F  ?MHB+? xmK m`bT`ɃM;HB+?2M _2+?i2+FX
UJ�M #2�+?i2- /�bb β < 0 ;BHiXV

"2r2Bb,

r+
√
r2+4s
2√
s

=

√
s

r+
√
r2+4s
2 − r

(
r +

√
r2 + 4s

2

)(
−r +

√
r2 + 4s

2

)
=

√
s ·

√
s

−r2 + r2 + 4s

4
= s !

"2K2`FmM;2M,

U�V �m+? ?B2` FQKK2M �Hb G M;2M mM/ "`2Bi2M /2b _2+?i2+F2b `�iBQM�H2- bQ;�` ;�Mxx�?HB;2
q2`i2 pQ`X

6Ƀ` r = 1 mM/ s = 2 rB`/ r+
√
r2+4s
2 = 2X .B2 �mbb�;2 H�mi2i,

a+?M2B/2i K�M pQM 2BM2K _2+?i2+F /2` "`2Bi2
√
2 mM/ /2` G M;2 2 2BM _2+?i2+F U/2` "`2Bi2√

2 mM/V /2` G M;2 1 �#- bQ Bbi /�b _2bi`2+?i2+F U"`2Bi2 1 mM/ G M;2
√
2V  ?MHB+? xm �mb@

;�M;b`2+?i2+FX .�b Bbi ;2`�/2 /B2 +?�`�Fi2`BbiBb+?2 1B;2Mb+?�7i /2` .AL �@S�TB2`7Q`K�i25

6Ƀ` r = 3 mM/ s = 4 rB`/ r+
√
r2+4s
2 = 4X .B2 �mbb�;2 H�mi2i,

a+?M2B/2i K�M pQM 2BM2K _2+?i2+F /2` "`2Bi2
√
4 = 2 mM/ /2` G M;2 4 2BM _2+?i2+F U/2`

"`2Bi2 2 mM/V /2` G M;2 3 �#- bQ Bbi /�b _2bi`2+?i2+F U"`2Bi2 1 mM/ G M;2 2V  ?MHB+? xm
�mb;�M;b`2+?i2+FX

U#V 6Ƀ` r = s = 1 Bbi /�b _2+?i2+F 2BM Ƕ;QH/2M2b _2+?i2+FǶ,
a+?M2B/2i K�M #2B 2BM2K _2+?i2+F /2` "`2Bi2 1 mM/ /2` G M;2 1+

√
5

2 2BM Zm�/`�i /2`
a2Bi2MH M;2 1 �#- /�MM Bbi /�b _2bi`2+?i2+F  ?MHB+? xmK m`bT`ɃM;HB+?2M _2+?i2+FX

U+V 6Ƀ` r = 2 mM/ s = 1 2`;B#i bB+? 2BM ǶbBH#2`M2b _2+?i2+FǶX

.B2 .2}MBiBQM 2BM2b Ƕ#`QMx2M2M _2+?i2+FbǶ b2B /2M ;2M2B;i2M G2b2`BMM2M mM/ G2b2`M Ƀ#2`@
H�bb2MX

�#b+?HB2bb2M/2 "2K2`FmM;2M,

RX .B2 K2Bbi2M /2` �m7;27Ƀ?`i2M h�ib�+?2M bBM/ M�iɃ`HB+? b+?QM H�M;2 #2F�MMiX 1BM T��` .BM;2
UmM2M/HB+?2 E2ii2M#`Ƀ+?2 7Ƀ` M�iɃ`HB+?2 w�?H2M- bT2xB2HH2 _2+?i2+F2V �#2` ?�#2M rB` BM /2`
GBi2`�im` MB+?i UQ/2` r2MB;bi2Mb MB+?i KBi /2M ?B2` /�`;2bi2HHi2M wmb�KK2M? M;2MV ;27mM/2M
mM/ r `2M /�MF#�` 7Ƀ` b�+?/B2MHB+?2 >BMr2Bb2X

kX JBi mMb2`2` q�?H pQM r mM/ s bBM/ �HH2 6QH;2M;HB2/2` an M�iɃ`HB+?2 w�?H2MX 1iHB+?2 h�ib�+?2M
;2Hi2M �m+? 7Ƀ` TQbBiBp2 `22HH2 w�?H2M r mM/ sX

GBi2`�im`- Zm2HH2M

(R) CQM2b- CX SX- .BQT?�MiBM2 _2T`2b2Mi�iBQM Q7 i?2 6B#QM�++B LmK#2`b-
h?2 6B#QM�++B Zm�`i2`Hv- oQHX Rj URNd8V, TTX 39Ĝ33

(k) EQb?v- h?X- 6B#QM�++B �M/ Gm+�b LmK#2`b rBi? �TTHB+�iBQMb- a2+QM/ 2/BiBQM- qBH2v kyR3


