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aQKK2b /2 i`QBb +�``ûb
�H2t�M/`2 CmMQ/- Gv+û2 .2MBb@/2@_Qm;2KQMi UL2m+?�i2HV- �H2t�M/`2XDmMQ/!`TMX+?

S`Q#HûK�iB[m2

lM MQK#`2 2MiB2` m > 0 ûi�Mi /QMMû- QM p2mi b�pQB` bǶBH 2tBbi2 i`QBb �mi`2b 2MiB2`b x- y 2i z i2Hb [m2
m = x2 + y2 + z2X PM T2mi /ûD¨ `2K�`[m2` [m2- KQ/mHQ 9- H2 +�``û /ǶmM MQK#`2 T�B` 2bi +QM;`m ¨ y 2i
+2HmB /ǶmM MQK#`2 BKT�B` 2bi +QM;`m ¨ RX AH bǶ2MbmBi [m2 bB m = x2+ y2+ z2 2bi /BpBbB#H2 T�` 9- �HQ`b x-
y 2i z bQMi T�B`b 2i m

4 2bi û;�H2K2Mi mM2 bQKK2 /2 i`QBb +�``ûbX G� `û+BT`Q[m2 2bi i`BpB�H2K2Mi p`�B2
UbB m 2bi bQKK2 /2 i`QBb +�``ûb- �HQ`b 4m 2M 2bi �mbbB mM2V 2i 2M `ûBiû`�Mi �m #2bQBM H2 `�BbQMM2K2Mi-
QM 2bi �K2Mû ¨ MǶûim/B2` [m2 H2b MQK#`2b m [mB M2 bQMi T�b /BpBbB#H2b T�` 9X .Ƕ�mi`2 T�`i- KQ/mHQ
3- mM +�``û /Ƕ2MiB2` M2 T2mi āi`2 +QM;`m [mǶ¨ y- R Qm 9- /QM+ bB H2 MQK#`2 m 2bi mM2 bQKK2 /2 i`QBb
+�``ûb- BH M2 T2mi T�b āi`2 +QM;`m ¨ d KQ/mHQ 3X AH M2 `2bi2 ¨ ûim/B2` [m2 H2b MQK#`2b m +QM;`mb ¨
R- k- j- 8 Qm e UKQ/mHQ 3V 2i MQmb �HHQMb KQMi`2` [mǶmM2 /û+QKTQbBiBQM 2M bQKK2 /2 i`QBb +�``ûb 2bi
iQmDQm`b TQbbB#H2 /�Mb +2b +�bX PM T2mi bmTTQb2` [m2 m MǶ2bi /BpBbB#H2 T�` �m+mM +�``û T�`7�BiX

R _ûbmHi�i T`ûHBKBM�B`2

AMbTB`û T�` (k) UH2KK2b /2b T�;2b jd@9kV- MQmb �HHQMb KQMi`2` [mǶBH 2tBbi2 mM MQK#`2 r- bQKK2 /2
/2mt +�``ûb- [mB 2bi +QM;`m ¨ −1 KQ/mHQ m 2i i2H [m2 m 2bi mM +�``û KQ/mHQ rX 1M /Ƕ�mi`2b i2`K2b-
BH 2tBbi2 i`QBb MQK#`2b 2MiB2`b a- b 2i c i2Hb [m2 m /BpBb2 a2 + b2 + 1 2i a2 + b2 /BpBb2 c2 −mX

• *�b m ≡ 2 (mod 4)- +Ƕ2bi@¨@/B`2 m ≡ 2 Qm m ≡ 6 (mod 8)

G2b MQK#`2b 8m 2i m− 1 bQMi T`2KB2`b 2Mi`2 2mt +�` iQmi /BpBb2m` +QKKmM /BpBb2 8m− 8(m− 1) = 8
�HQ`b [m2 m − 1 2bi BKT�B`X S�` H2 i?ûQ`ĕK2 /2 .B`B+?H2i U[m2 MQmb �/K2iiQMbV- BH 2tBbi2 mM MQK#`2
T`2KB2` /2 H� 7Q`K2 p = (m− 1) + k · 8mX AH 2bi +QM;`m ¨ 1 KQ/mHQ 9 2i mM i?ûQ`ĕK2 /2 62`K�i MQmb
�bbm`2 [mǶBH bǶ�;Bi /ǶmM2 bQKK2 /2 /2mt +�``ûb UpQB` (j)VX .2 THmb- +2 MQK#`2 T`2KB2` 2bi +QM;`m ¨ −1
KQ/mHQ m- /QM+ KQ/mHQ iQmi MQK#`2 T`2KB2` q [mB /BpBb2 mX �BMbB- bB QM û+`Bi m = 2m′- H� HQB /2
`û+BT`Q+Biû [m�/`�iB[m2 UpQB` (9)V T2`K2i /Ƕû+`B`2
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Qɍ H� +QM;`m2M+2 bm` H2b /BpBb2m`b T`2KB2`b UBKT�B`bV /2 m′ 2bi ¨ +QMbB/û`2` KQ/mHQ 9X

@ aB m′ � mM MQK#`2 T�B` /2 /BpBb2m`b T`2KB2`b +QM;`mb ¨ j KQ/mHQ 9- �HQ`b m′ ≡ 1 (mod 4)-
m ≡ 2 (mod 8)- p ≡ 1 (mod 8) 2i /QM+

(
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)
= 1 UpQB` (9)VX

@ aBMQM- m′ ≡ 3 (mod 4)- m ≡ 6 (mod 8)- p ≡ 5 (mod 8) 2i /QM+
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)
= −1 UpQB` (9)VX

.�Mb iQmb H2b +�b- QM �
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)
= 1- �mi`2K2Mi /Bi m 2bi mM +�``û KQ/mHQ pX
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�HQ`b 2m ≡ 2 (mod 8) 2i- T�` H2 +�b T`û+û/2Mi- BH 2tBbi2 mM MQK#`2 T`2KB2` p = (2m− 1)+k ·16m [mB
2bi mM2 bQKK2 /2 /2mt +�``ûb- +QM;`m ¨ −1 KQ/mHQ 2m /QM+ KQ/mHQ m- 2i i2H [m2 2m 2bi mM +�``û
KQ/mHQ pX *QKK2 p ≡ 1 (mod 8)- �HQ`b k 2bi mM +�``û KQ/mHQ p UpQB` (9)V 2i BH 2M 2bi /2 KāK2 TQm`
m +�` H2b +QM;`m2M+2b 2 ≡ x2 2i 2m ≡ y2 BKTHB[m2Mi m ≡ 2−1y2 ≡ (x2)−1y2 = (x−1y)2 (mod p)X

• *�b m ≡ 3 (mod 8)

G2b MQK#`2b 4m 2i m−1
2 bQMi T`2KB2`b 2Mi`2 2mt +�` iQmi /BpBb2m` +QKKmM /BpBb2 4m − 8m−1

2 = 4
�HQ`b [m2 m−1

2 2bi BKT�B`X S�` H2 i?ûQ`ĕK2 /2 .B`B+?H2i- BH 2tBbi2 mM MQK#`2 T`2KB2` /2 H� 7Q`K2
p = m−1

2 +k ·4mX *QKK2 BH 2bi +QM;`m ¨ R KQ/mHQ 9- BH bǶ�;Bi /ǶmM2 bQKK2 /2 /2mt +�``ûbX G2 MQK#`2
2p = (m− 1) + k · 8m 2bi û;�H2K2Mi mM2 bQKK2 /2 /2mt +�``ûb +�` 2(x2 + y2) = (x+ y)2 + (x− y)2X
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PM � A ≡ 1 Qm A ≡ 3 �HQ`b [m2
(
m

p

)
= ±1X *QKK2 m ≡ 3- H� b2mH2 TQbbB#BHBiû 2bi A ≡ 3 2i

(
m

p

)
= 1X

�BMbB- BH 2tBbi2 mM 2MiB2` x i2H [m2 p /BpBb2 x2 −mX ZmBii2 ¨ `2KTH�+2` x T�` x+ p- QM T2mi bmTTQb2`
[m2 x 2bi BKT�B`- iQmi +QKK2 mX �BMbB x2 −m 2bi T�B` 2i m 2bi mM +�``û KQ/mHQ 2pX

k .û+QKTQbBiBQM 2M bQKK2 /2 i`QBb +�``ûb `�iBQMM2Hb

S�` +QMbi`m+iBQM- r 2bi mM2 bQKK2 /2 /2mt +�``ûb +QM;`m2 ¨ −1 KQ/mHQ m 2i BH 2tBbi2 mM MQK#`2 ρ
i2H [m2 m ≡ ρ2 (mod r)X GǶ2Mb2K#H2 E = {0, 1, . . . , #

√
mr%}× {0, 1, . . . , #

√
m%}× {0, 1, . . . , #

√
r%} 2bi

/2 +�`/BM�HBiû (1 + #
√
mr%)(1 + #

√
m%)(1 + #

√
r%) >

√
mr

√
m
√
r = mrX S�` H2 T`BM+BT2 /2b iB`QB`b- BH

+QMiB2Mi �m KQBMb /2mt ûHûK2Mib /BbiBM+ib (x1; y1; z1) 2i (x2; y2; z2) i2Hb [m2 x1 − ry1 + (r + 1)ρz1 2i
x2−ry2+(r+1)ρz2 �B2Mi H2 KāK2 `2bi2 HQ`b /2 H� /BpBbBQM 2m+HB/B2MM2 T�` mrX aB QM TQb2 x = x1−x2-
y = y1−y2 2i z = z1−z2- QM � �HQ`b H� +QM;`m2M+2 x−ry+(r+1)ρz ≡ 0 (mod mr)X 1M H� KmHiBTHB�Mi
T�` x+ ry − (r + 1)ρz- QM Q#iB2Mi

x2 − (ry − (r + 1)ρz)2 ≡ 0 (mod mr).

G2 K2K#`2 /2 ;�m+?2 2bi +QM;`m ¨ x2 + ry2 − mz2 KQ/mHQ m U+�` r ≡ −1 (mod m)V 2i KQ/mHQ rX
*QKK2 m 2i r bQMi T`2KB2`b 2Mi`2 2mt- H� +QM;`m2M+2 � HB2m KQ/mHQ mr- �mi`2K2Mi /Bi x2+ry2−mz2

2bi mM KmHiBTH2 /2 mrX .2 THmb- +QKK2 |x| <
√
mr- |y| < √

m 2i |z| <
√
r- QM �

−mr < −mz2 ! x2 + ry2 −mz2 ! x2 + ry2 < mr +mr = 2mr.

PM 2M /û/mBi [m2 x2 + ry2 −mz2 = 0 Qm x2 + ry2 −mz2 = mrX .�Mb +2 /2`MB2` +�b- QM T2mi û+`B`2
x2 + ry2 −m(z2 + r) = 0 2i 2M KmHiBTHB�Mi T�` z2 + r- QM i`Qmp2

0 = (x2 + ry2)(z2 + r)−m(z2 + r)2 = (xz + ry)2 + r(yz − x)2 −m(z2 + r)2.
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ZmBii2 ¨ `2MQKK2` H2b +?Qb2b- QM T2mi bmTTQb2` x2 + ry2 −mz2 = 0 2i +QKK2 r 2bi mM2 bQKK2 /2
/2mt +�``ûb- /BbQMb r = r21 + r22- QM � x2 + (r1y)2 + (r2y)2 = z2mX *2+B bB;MB}2 [m2 m 2bi mM2 bQKK2
/2 i`QBb +�``ûb /2 MQK#`2b `�iBQMM2Hb /QMi z 2bi mM /ûMQKBM�i2m` +QKKmMX

j �H;Q`Bi?K2 }M�H

LQmb /QMMQMb B+B mM2 /ûKQMbi`�iBQM �/�Tiû2 /m i?ûQ`ĕK2 /Ƕ�m#`v [mB �{`K2 [mǶmM2 bQKK2 2MiBĕ`2
/2 i`QBb +�``ûb /2 MQK#`2b `�iBQMM2Hb 2bi mM2 bQKK2 /2 i`QBb +�``ûb /Ƕ2MiB2`bX PM bmTTQb2 /QM+ [m2
m = (x/d)2 + (y/d)2 + (z/d)2 Qɍ H2b 2MiB2`b x- y 2i z M2 bQMi T�b iQmb /BpBbB#H2b T�` d > 0 UbBMQM- H2
i?ûQ`ĕK2 b2`�Bi i`BpB�H2K2Mi /ûKQMi`ûVX .ǶmM TQBMi /2 pm2 ;ûQKûi`B[m2- H2 TQBMi P (x/d; y/d; z/d) b2
i`Qmp2 bm` H� bT?ĕ`2 S +2Mi`û2 2M HǶQ`B;BM2 2i /2 `�vQM √

mX 1M �``QM/Bbb�Mi +?�+mM2 /2 b2b +QQ`/QMMû2b
¨ HǶ2MiB2` H2 THmb T`Q+?2- QM Q#iB2Mi mM TQBMi /Bzû`2Mi Q([x/d]; [y/d]; [z/d])X G� /`QBi2 (QP ) 2bi /B`B;û2
T�` H2 p2+i2m` MQM MmH d ·−−→QP /QMi H2b +QKTQb�Mi2b bQMi /2b MQK#`2b 2MiB2`b 2i iQmi TQBMi P ′ bBimû bm`
+2ii2 /`QBi2 pû`B}2 mM2 `2H�iBQM p2+iQ`B2HH2

−−→
OP ′ =

−−→
OQ+ λd

−−→
QP �p2+ λ ∈ RX PM T2mi û+`B`2

‖
−−→
OP ′‖2 −m = λ2 d2‖−−→QP‖2︸ ︷︷ ︸

a>0

+2d(
−−→
OQ ·−−→QP )︸ ︷︷ ︸

b

λ+ ‖−−→OQ‖2 −m︸ ︷︷ ︸
c

.

*2ii2 2tT`2bbBQM 2bi [m�/`�iB[m2 2M λ �p2+ /2b +Q2{+B2Mib a- b 2i c 2MiB2`bX 1HH2 bǶ�MMmH2 HQ`b[m2 λ = 1
d

U+�` �HQ`b P ′ = P V 2i TQm` λ = d·c
a T�` H� `2H�iBQM /2 oBĕi2X G2 MQK#`2 a 2bi mM 2MiB2` bi`B+i2K2Mi

TQbBiB7 2i- KQ/mHQ d- QM � a = ‖d ·−−→QP‖2 = ‖d ·−−→OP − d ·−−→OQ‖2 ≡ ‖d ·−−→OP‖2 = x2 + y2 + z2 = md2 ≡ 0X
AH bǶ2MbmBi [m2 d′ = a

d = d‖−−→QP‖2 2bi mM 2MiB2` TQbBiB7X PM � H� K�DQ`�iBQM

d′ = d

((x
d
−
[x
d

])2
+
(y
d
−
[y
d

])2
+
(z
d
−
[z
d

])2)
! d

((
1

2

)2

+

(
1

2

)2

+

(
1

2

)2)
< d.

SQm` `ûbmK2`- HǶû;�HBiû ‖
−−→
OP ′‖2 = m � HB2m HQ`b[m2 λ =

d · c
a

=
c

d′
X G2b +QQ`/QMMû2b /m TQBMi P ′ �bbQ+Bû

U/2mtBĕK2 TQBMi /ǶBMi2`b2+iBQM /2 (QP ) �p2+ SV bQMi /2b MQK#`2b `�iBQMM2Hb �v�Mi H2 /ûMQKBM�i2m`
+QKKmM d′ < d 2i /2b MmKû`�i2m`b x̃ = d′[x/d] + c (x− d[x/d])- ỹ 2i z̃ U/û}MBb /2 K�MBĕ`2 �M�HQ;m2VX
PM T2mi Biû`2` HǶ�H;Q`Bi?K2 (x; y; z; d) '−→ (x̃; ỹ; z̃; d′) Dmb[mǶ¨ +2 [m2 d′ /BpBb2 x̃- ỹ 2i z̃- [mBii2 ¨ �pQB`
d′ = 1X PM Q#iB2Mi �HQ`b H� /û+QKTQbBiBQM m = (x̃/d′)2 + (ỹ/d′)2 + (z̃/d′)2 �p2+ i`QBb +�``ûb /Ƕ2MiB2`bX

9 *QM+HmbBQM 2i `û7û`2M+2b

LQmb �pQMb /ûKQMi`û H2 i?ûQ`ĕK2 /2 G2;2M/`2 U1752− 1833V [mB biBTmH2 [m2 iQmi MQK#`2 2MiB2` T2mi
bǶû+`B`2 +QKK2 mM2 bQKK2 /2 i`QBb +�``ûb- b�m7 bǶBH 2bi /2 H� 7Q`K2 m = 4k(8n+7) �p2+ k 2i n 2MiB2`bX
*QKK2 iQmi2b H2b T`2mp2b [m2 MQmb �pQMb `2M+QMi`û2b- MQi`2 p2`bBQM KQ#BHBb2 H2 i?ûQ`ĕK2 /2 .B`B+?H2i-
H� HQB /2 `û+BT`Q+Biû [m�/`�iB[m2 2i H2 i?ûQ`ĕK2 /2 62`K�i +QM+2`M�Mi H2b bQKK2b /2 /2mt +�``ûb K�Bb
2HH2 ûpBi2 /Ƕ�mi`2b `ûbmHi�ib i2Hb H� i?ûQ`B2 /2b 7Q`K2b [m�/`�iB[m2b Qm H2 i?ûQ`ĕK2 /2 JBMFQrbFB bm`
H2b 2bT�+2b +QMp2t2b bvKûi`B[m2b UpQB` (R) Qm (k)VX

(R) oX *>AahPGALA- hX J�*.PL�G.- JX w>�L:
_2T`2b2MiBM; MmK#2`b �b bmKb Q7 i?`22 b[m�`2b , ?BbiQ`v �M/ T`QQ7b-
rrrXK�i?bX/Ffi2�+?BM;f+Qm`b2bfK�i?j8d@bT`BM;kyRefT`QD2+ibfi?`22nb[m�`2bXT/7

(k) CX *_1h�G- �X a�Go�_u- aQKK2b /2 +�``ûb- h`�p�BH /2 J�bi2`- kyyN@kyRy
?iiT,ffK�i?XmMBp@HBHH2RX7`f�#?QrKBFf2Mb2B;M2K2MifJ2KnK�bi2`fK2KnbQKK2b+�``2bXT/7

(j) �X ClLP.- aQKK2b /2 /2mt 2i [m�i`2 +�``ûb- "mHH2iBM /2 H� aaSJS MQ R99- b2Ti2K#`2 kyky
(9) �X ClLP.- G� HQB /2 `û+BT`Q+Biû [m�/`�iB[m2- "mHH2iBM /2 H� aaSJS MQ R9e- K�B kykR


